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12, Akad. Proskura St., Kharkov, 61085, Ukraine
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The spectral task is solved for open prolate spheroid that made from homogeneous
isotropic crystal and has small distance between its focuses. The approximate dispersion
equation is obtained at satisfaction of the tangential component continuity conditions of
electromagnetic field strengths for resonance oscillations on the spheroid surface. It
allows to study spectral characteristics of resonance oscillations.

INTRODUCTION
The open dielectric resonators are widely applied to determine the parameters of
materials and to create of stable microwave standards and to use in the precision
metering equipment. Thus, the measurement and research of spectral characteristics of
resonance oscillations have important value. The rigorous solution of a set of Maxwell
equations satisfying the radiations on infinity and the boundary conditions of
electromagnetic field components was only determined for some limited dielectric
structures. The numerical analysis of spectral characteristics made for the lowest types
of resonance oscillations in an isotropic dielectric sphere [1]. The capability of
excitation independent TE (E, = 0) and TM ( H, = 0) wave modes was shown. In each

of them there is a frequent degeneration at which the same frequency has 2n + I modes
with various dependence from the azimuth coordinate (p. Here n parameter is polar
index determining number of field variations on the polar coordinate 0 . The influence
of weak azinmthal non-uniformity leads to removing the degeneration and to arising
independent EH and HE oscillations for which all six field components are not zero.
The resonance oscillations independent from azimuthal coordinate (al/• =_ 0) were
studied in open spheroidal structures [2-4]. The mention above effects does not arise in
these approximations.

THEORETICAL CONSIDERATION
We consider an open spheroid made from homogeneous isotropic dielectric with
permittivity F,, and permeability [,,. The prolate spheroidal coordinate system (4, r1,

(p ) obtained by rotation of plane elliptical coordinate system around of a large axis
(Figure 1) is used for the solution of the spectral task. In this system ý e [0, 27)

E [-1,1] and c [0, 27], and the metrical Lame's coefficients are equal

h= h,1 = - ; hp = -c V( 2 _ 1)(1-T , where -i is the distance
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between focal points. The surfaces k const are prolate spheroids in
z n spheroidal coordinate system. The value rj = 0 corresponds to

crossing of the spheroid with a plane z = 0, and ri = ±1 correspond
to spheroid poles placed on the z axis [5]. At the coordinate 4 = 0 it

is limited by the medium with permittivity cb and permeability jb,.

For fields proportionate to exp i(mTp -opt), where (op is the

frequency of p -th mode oscillation and m is azimuthal index, the
study of the set of Maxwell equations is reduced to the solution of
two coupling differential equations about E, and H, components

Figure 1. a ZHi 4 'c j4haEj - Lj4gj ; 41jk 4 jhgý = --•Ljh EjA

(1)
Here k = o/ c, c is the light velocity and subscript j takes the value d inside or b

outside of spheroid. The A, and Li operators are equal

-I a + g-1 2  2 1a - 1 a 2) l a-Cr a-•~gn 2 + -1L=- _1 -gj•(1-ri 2 ) - 2  2  ,n- -- al 9.M all 1q a0k 2k al-r a la 2 _ 02 i

where gs- and gj-' operators are reverse for operators of

a 02- a 1 - 2-2 2 a2

g =(- )[ +a- 2 _2 a-]; g (1 -- [a .- +-1 a ]

Let us consider an isotropic dielectric sphere with a small ellipticity along the z axis.
The transformation to spherical coordinates (r, 0 , (p ) in (1) is carried out in the
assumption (p = p(, ri = cosO and tendency c -+ 0, -4 oo so that the multiplication

-c -> r remained final [5]. We introduce potential functions Us by the expression of

u h4 Sj4 , where go = aj + a92 /a 2 , a, = 8jtjk2_2 and S takes the value E or
H. For large values and 11 = cosO we obtain

gj, zsin20 [gjo - snsin)20 a2 gs 0  '- -+O0(- 3 ). The system (1)

4g 2 a4 2 +0(4-), g i 20 42

becomes

2ijkt 52uJH
(Ao-A) -9- cosOjo _j )Uj o 42 a(P a4

2i8 ýkr a2u
(Ao -A1 l)U7 gA W o cosO a (2)j2 cjq 9jo '2 (2)a

where A1 o = +A4±2g, A1  g0 + + 1 ag a a' a
whee jo j ji90 j sinO aO ao aw2a4 2)

1 a s a I a2c
A, -sin +2 and gjo operator is reverse for operator of gjo.

sinO ao ao sin20 awPT
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At neglect by values of the order 4-2 the system (2) breaks up to two independent

subsystems describing TE and TM types of resonance oscillations in the spheroid. The
resonance frequencies of them are accordingly determined by solving the equationsI F

'I'M v"/ Jv()(Xd)- - Z,, (x,) H"I,,)(xd) _ hn11 (x,n) (3),.t', (3,)
ivU)((x,,) \,,,,,(XC,) -',Ph)

where x VF- , k-c4o" v .(,,,,(x) = 22J,, 1/.2 (x)" h'(,,)(x) = - 1 2Ht,), ! ,_

v(n) = n + I1/2, .J,,,,),(x) and H,(x) are the Bessel and first-kind Hankel cylindrical

functions of the n -th order.
In the equations (3) the azimuthal index m is absent. Hence each resonance oscillation
mode is 2n + 1 -fold degenerate.

The taking into consideration of the addends proportionate to -2 in (2) allows to study

the influence of ellipsoidal non-uniformity upon the parameters of resonance
oscillations. The TM oscillations are transformed in the HE and TE are transformed in
the EH oscillations for which all six field components are already not zero. In this case

the solutions of system (2) are proportionate to functions of .v( , (a•) inside and

h2,,), ( 1,) outside of the spheroid, where v(n,j) [(n + 1/2)2 + (M2 + y, )a, / n(n + 1)] 2,

7 f2-ln,,[ n-(n+ 1)2 -m 2(2n2 +2n±3)] and f,, 1/(2n +1).
The resonance frequencies of oscillations are determined by solving the equations

J,,/ , ,,(x<,) h (,,,,I' h)

81 J\,(fl(/)(Xdj) -h
8 ! / l '.h hjh(Xh)

for Ell and

IVd / (~jf1 (X1 ) ( /8 h,ýj()) (xh)=( 
(X)

for HE types.
The dependence of v (n.1) parameter from the azimuthal index ni arising under

influence of the ellipsoidal non-uniformity of dielectric sphere removes the frequency
degeneration for resonance oscillations.
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